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Abstract 
In this paper, a variable structure model reference ad- 
aptive control system (MRACS) based on two-degree- 
of-freedom compensators scheme (2 d.0.f.) is proposed. 
First, an MRACS with fixed compensator is constructed 
using the 2 d.0.f. proposed in [9]. Second, the fixed com- 
pensator is replaced by a switching compensator. The 
switching algorithm is determined in order that the esti- 
mated parameter can converge more rapidly. Since the 
proposed method is based on the 2 d.0.f structure, the 
switching compensator works only when the parameter 
uncertainties are large. The boundedness of all signals in 
the closed-loop system and the convergence of the out- 
put error are proved. Finally, simulation results are illus- 
trated to show the effectiveness of the proposed method. 
I 
1. Introduction 
An adaptive control scheme that uses switching function 
for controlling plant with unknown parameters is referred 
to  " Variable Structure Model Reference Adaptive Con- 
trol (VS-MRAC)". Such a VS-MRAC was developed by 
adding the adaptive control to  the variable structure con- 
trol (VSC) [l] by several authors [2]-[4]. Especially a VS- 
MRAC developed by Hsu and Costa [2] is closely related 
with the conventional adaptive controllers and reveals the 
good transient behavior. However the VSC has the dis- 
advantage of suffering from undesirable high-frequency 
signals due to  the discontinuity in the control law in the 
switching compensator. 
Therefore, in this paper, we propose a new VS-MRAC 
scheme which reveals a good transient performance and 
avoids the undesirable high-frequency signals. The 
switching compensator is especially effective when param- 
eter uncertainties are large, that is, the deviation from 
true value is large. Therefore it is desirable to  activate 
the switching compensator only when parameter uncer- 
tainties are large and suppress high-frequency oscillation 
caused by large parameter uncertainties. In order to re- 
alize the aim mentioned above, 2 d.0.f. compensators 
scheme proposed in [9] is used in this paper. The pro- 
posed 2 d.0.f. compensators scheme in [9] has a compen- 
sator freely designed independently of specification for 
the reference commands, and the compensator only works 
in the presence of parameter uncertainties. Therefore if 
we construct the switching compensator in VS-MRAC by 
using a freely designed compensator in the 2 d.0.f. com- 
pensators scheme, the switching compensator only works 
when the parameter uncertainties are large. 
The design scheme of the proposed VS-MRAC is as fol- 
lows. First, by using the model matching control law 
obtained from 2 d.0.f. compensators scheme, MRACS 
with a fixed compensator is constructed. This MRACS is 
constructed by rewriting the model matching law into lin- 
ear form of the unknown control parameters and adding 
parameter adaptive law to the form. Second, the fixed 
compensator is replaced by a switching compensator. The 
switching law is determined so that the estimated param- 
eter can converge more rapidly. 
This paper is organized as follows. Section 2 gives prob- 
lem statements and a priori information. In section 3 
MRACS with a fixed compensator based on the 2 d.0.f. 
compensators scheme is given in order to  design the VS- 
MRAC proposed in this paper. Section 4 shows that the 
new VS-MRAC is constructed using MRACS with a fixed 
compensator given in the previous section, and the stabil- 
ity of the system is proved. In section 5 simulation results 
of the proposed MRACS are illustrated to show the effec- 
tiveness of proposed VS-MRAC. Section 6 concludes the 
paper. 
2. Problem Statements 
Consider an unknown linear, time-invariant , finite dimen- 
sional, single-input single-output plant characterized by 
a transfer function P ( s ) ,  
where U@), yp( t> are the plant input and output, respec- 
tively. It is assumed that P(s )  is strictly proper. Let 
the (right) coprime factorization of P(s)  over RH,be 
(Np(s ) ,  D p ( s ) ) ,  that is, Np(s),Dp(s) E RH, are rela- 
tively right coprime over RH,and 
P(s )  = Np(s)Dp(s)-' (2.2) 
is satisfied. Throughout the paper, it is noted that s rep- 
resents a differential operator. In constructing MRACS 
the factorization of the given plant over RH,is not nec- 
essary to be calculated. But these notations are used to 
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parametrize reference model transfer functions and derive 
the controller structure of MRACS. 
The transfer matrix of the reference model is denoted as 
&(s) which is strictly proper and asymptotically stable. 
And r ( t ) ,  piecewise continuous and uniformly bounded, is 
the reference input and y m ( t )  is the model output. &(s) 
is assumed to be satisfied with the necessary and sufficient 
condition for the model matching. This condition is given 
as follows. 
PM(s)  = NP(s)K(s) ,  K ( s )  E RH,. (2.3) 
The following assumptions are made for the plant[lO]. 
(AA) The order n ( or an upper bound of n) of the transfer 
function P ( s )  is known. 
(A.2) The relative degree n* of P(s )  is known and it is 
greater than or equal to that of PM(s) .  
(A.3) The plant is minimum phase, that is, the zeros of 
P ( s )  lie in the open left-half plane. 
(A.4) The high frequency gain g p  is known. In this paper, 
without loss of generality, it is assumed to  be g p  = 1. 
According to the assumptions (A.2) and (A.3), the ratio- 
nal function K satisfying the model matching condition 
(2.3) exists and belongs to RH,. 
Based on the description above, the control problem is 
stated as follows. Let the plant (2.1) be unknown ex- 
cept for the assumptions (A.1)-(A.4). Then determine a 
differentiator free controller which generates a bounded 
control input signal so that all the signals in the closed 
loop system remain bounded and the following equation 
is satisfied. 
lim le(t)l = lim Iyp(t) - ym(t)l  = 0. (2.4) t-+m t-+w 
3. MRACS with a Fixed Compensator  Based on 
the 2 D.0.F Compensators Scheme 
In this section we introduce MRACS with a fixed com- 
pensator based on the 2 d.0.f. compensators scheme in 
order to design the VS-MRAC proposed in this paper. 
The MRACS is derived from the model matching law 
based on the 2 d.0.f. compensators scheme proposed in 
[9]. The model matching control law is shown as follows: 
(see Figure 1) 
U = (1 - Y p ) ~ - X p y p + K ~  
-&I { ~ p  - Np(Ypu + X p ~ p ) )  7 VQ1 E RHa 
(3.1) 
where K E RH, is chosen so that the model matching 
condition (2.3) is satisfied, and X, E RH, and Yp E 
RH, is the solution of the following Bezout identity over 
RH,. 
Eq.(3.1) can be regarded as the model matching control 
law based on the 2 d.0.f. compensator scheme because 
&I is a freely designed parameter and can be chosen in- 
dependently of specifications for reference command. 
XpN,  + YpDp = 1. ( 3 4  
Figure 1: Parametrization of 2 d.0.f. compensators that 
stabilize a plant 
In constructing MRACS the given plant is unknown. 
Hence X ,  and Yp are unknown and need to be identi- 
fied in order to achieve the control objective (2.4). The 
next lemmas are necessary to rewrite the control law to 
a linear form in terms of unknown parameters in X p  and 
YP. 
Lemma 3.1 [6][7] Let ,&[SI be a monic Hurwitz poly- 
nomial of order n*, which is the relative degree of the 
plant P(s )  and is known from the assumption (A.2). 
Then the right coprime factorization of the plant P(s) 
is given by  
NP(4 = Pm[S]-l, Dp(s) = P(s ) - lpm[s ] - l .  (3.3) 
Lemma 3.2 [6][7] Let X[s] be a monic Humitz polyno- 
mial of order n - 1 + p  (p 2 0).  Then there &t a unique 
polynomial of order n - 1 and a unique monic poly- 
nomial zy[s] of order n - 1 + p ,  such that 
are solutions of eq.(3.2). 
Using Lemma 3.1 and Lemma 3.2 the control law (3.1) 
can be rewritten into 
U ( t )  = -eTw(t) + K(s ) r ( t )  
r 1 
where w(t)  is a filter function and given by 
W ( t y  = [wl(t)T,w2(t)T] (3.6) 
1 U,(t)T = -[sn+P--2, - - * , l]TU(t) (3.7) 
, l lTYP(t) (3.8) f&(t)T = -[ s n - l , . .  . 
eT = [e?, e:] (3.9) 
[SI 
X[Sl 
1 
and parameter vector 0 is defined such that 
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are satisfied. Thus we have obtained a linear relation in 
terms of unknown parameters 6. Replying the unknown 
parameter 6 by adjustable parameter 6( t )  and giving an 
adaptive adjusting law, MRACS can be constructed. 
In [9] we proposed MRACS with the fixed compensator 
Q1 E RH, and proved that the stability of the system 
is ensured for arbitrarily chosen &I E RH,. On the 
other hand, in this paper we propose the replacement of 
the fixed compensator by a switching function in order to  
improve the parameter convergence. In the subsequent 
section we derive a new VS-MRAC using the control law 
(3.5) which is based on the 2 d.0.f. compensators scheme. 
4. A New VS-MRAC Based on the 2 D.0.F 
Compensators Scheme 
In this section we construct a new VS-MRAC based on 
the 2 d.0.f compensators scheme. In the proposed VS- 
MRAC the switching function F(p) ,  which changes the 
value according to the sign of p, is used instead of Q1 
in eq.(3.5), and unknown parameter 6 is identified simul- 
taneously using an adaptive adjusting law. Hence the 
control law is given as 
u( t )  = -d(t)Tw(t)  + K ( s ) r ( t )  - F ( p , X ( t ) )  (4.11) 
where X ( t )  is defined as 
1 
X ( t )  = yp( t )  - - (u(t )  I- &t)Tw(t))  (4.12) 
First we will give an adaptive adjusting law and later 
switching €unctions F(p,  X ( t ) )  and p are given. In order 
to give the adaptive adjusting law, we derive an error 
equation. Let the parameter deviation +(t)  from the true 
value of parameter vector 6 be defined as 
Pm [SI 
$( t )  = d(t)  - 6. (4.13) 
Then the error equation can be calculated in the following 
way. 
.. 
(4.14) 
Here an auxiliary error signal e,( t )  is generated as 
(4.15) 
Let E(t) and c ( t )  be defined as 
E(t) = e( t )  + ea(t)  (4.16) 
C(t) = L w ( t ) .  (4.17) 
pm [SI 
The following adaptive adjusting law is used in this paper. 
(4.18) 
where K is a positive constant and I' is a positive defi- 
nite matrix. And the switching function F(p)  is given as 
follows: 
IX(t>I 2 M ,  or lPl 5 6  
F(P?X( t ) )  = f X ( t ) ,  IX(t>l < M7 and P > 6 
- f X ( t ) ,  IX(t)l < M ,  and p < -6 
(4.19) 
where f, M and 6 are positive constants and p is defined 
to  be 
{ O' 
1 
p = E ( t ) A X ( t ) .  
Pm [SI (4.20) 
Thus VS-MRAC proposed in this paper is established 
(See Figure 2). 
Figure 2: The block diagram of the proposed VS-MRAC 
The next theorem shows that the proposed VS-MRAC 
assures the global stability of the system. 
Theorem 4.1 All the internal signals an the system 
which consists of the plant (2.1), the reference model 
(2.3), the control law (4.11), the estimated error (4.16), 
the adaptive adjusting law (4.18) and the switching func- 
tion (4.19) are unijormly bounded, and the control objec- 
tive (2.4) is achieved. 
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Since the proof of Theorem 4.1 can be done in a similar 
way as [lo], it will be omitted. 
When a Lyapunov function candidate V ( t )  is chosen as 
the time derivative of V ( t )  along the trajectories of 
eq.(4.18) is given by 
. .  
From the definition of the switching function (4.19) and 
(4.20) it follows that 
(4.23) 
Hence the estimated parameter in the proposed method 
converges to a constant value more rapidly than one in 
the standard MRACS, because the absolute value of the 
V becomes large by the switching function F(p)  as is 
shown in eq.(4.22). 
Further the switching function works only when the es- 
timated error is large and it doesn’t work when the esti- 
mated error is small enough. Therefore we can see that 
the undesirable high-frequency signals and excessive con- 
trol activity due to the switching function can be avoided. 
This advantage results from the controller structure based 
on 2 d.0.f compensators scheme. 
5. Simulation Results 
In this section simulation results of the proposed VS- 
MRAC are illustrated to show the effectiveness of the 
proposed method. The plant and model are given by 
s + 3.0 
s2 - 2.0s + 3.0’ 
s + 7.0 
p M ( s )  = s2 + 7.0s + 12.0’ P(s)  = 
(5.1) 
Since the plant is the second-order plant, the character- 
istic polynomial of the first filter A[.] and the one of the 
second filter &[SI are monic Hurwitz polynomials of or- 
der 1. In the simulation they are given by 
X[s] = s + 4.0, &[SI = s + 6.0. (5.2) 
The reference signal is given by the square wave with the 
period of 2s. In the adaptive adjusting law (4.18) CT, K 
and I’ are given by 
K = I? = diag[100,100,100]. (5.3) 
Here the adaptive gain and the poles of the filters are 
chosen to be relatively small so that the adaptive system 
may not be sensitive to noises or disturbances. There- 
fore the performances of the standard MRACS are not so 
good. 
The design parameters of the switching function F(p)  is 
given as follows. 
f = 5.0 6 = l.Oe-lO, M = 1.0e2. (5.4) 
Figure 3 shows that the influence of parameter uncer- 
tainties on the plant output is reduced by the switching 
compensator in transient response comparing the results 
of Figure 6 in the standard MRACS. And Figure 5 and 
Figure 8 shows that the estimated parameter converges 
to a constant value more rapidly than one in the standard 
MRACS. Furthermore Figure 4 and Figure 7 shows that 
the proposed VS-MRAC doesn’t bring about undesirable 
high-frequency oscillation in the plant input as well as 
one in the standard MRACS. 
3 
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I 
Figure 3: The plant and model output in the proposed VS- 
MRAC 
Figure 4: The plant input in the proposed VS-MRAC 
6. Conclusion 
In this paper we propose a new variable structure model 
reference adaptive control for a single-input single-output 
linear time invariant system. The boundedness of all sig- 
nals of the system is proved. The structure is based on a 
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Figure 5: The control parameters in the proposed VS- 
MRAC 
3 
.............................................................................................. 
................................................................................................ i 2 t 
I 
3O 2 4 6 6 10 12 14 16 18 20 
time 
Figure 6: The plant and model output in the standard 
MRACS 
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Figure 7: The plant input in the standard MRACS 
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Figure 8: The control parameters in the standard MRACS 
parametrization of stabilizing compensator obtained from 
2 d.0.f. compensator scheme, and the switching compen- 
sator corresponds to a free parameter specifying feedback 
properties which can be designed independently of track- 
ing properties. Therefore the estimated parameter con- 
verges to a constant value more rapidly than one in the 
standard MRACS and the undesirable high-frequency sig- 
nals and excessive control activity due to the switching 
function can be avoided. The development of a more gen- 
eral switching function remains as a future research. 
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